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Question 7

Solve the following questions from the Discrete Math zyBook:

3.1.1 Use the definitions for the sets given below to determine whether each
statement is true or false:

A ={z € Z: x is an integer multiple of 3 }

B ={x € Z: x is a perfect square}

C = {4,5,9,10}
D = {2,4,11,14}
E ={3,6,9}

F ={4,6,16}

An integer x is a perfect square if there is an integer y such that x = y%.

(a)

271 A

Solution. True.

Since 27 = 3 %9, 27 is an element of set A, 27 € A. O
27T € B

Solution. False.
Since V27 = 3\/§, and 3v/3 is not an integer, by definition of
perfect square, 27 ¢ B. ]

100 € B

Solution. True.

Since 100 = 10% and 10 is an integer, by definition of perfect square,
100 € B. [
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(d ECCorCCE

Solution. False.
4, 5 and 10 are elements in C' but not in F.

3 and 6 are elements not in C' but in F.

It implies that neither C is a subset of E nor F is a subset of
C. ]

(e) ECA

Solution. True.
For each element in £, 3 =1x%3,6 =2x%3,9 = 3% 3. By the
definition of A, E' is a subset of A. n

(f) ACE

Solution. False.

By the definition of A and 30 = 10 % 3, 30 is one of the elements of
A, but 30 is not in F, which implies that F does not contain all
the elements of A, A ¢ F. O

() E€A

Solution. False.
By the definition of A, all elements are integers, while F is a set,
thus F is not an element of A. n

3.1.2 Use the definitions for the sets given below to determine whether each
statement is true or false:

A ={x € Z: x is an integer multiple of 3 }
B ={x € Z: x is a perfect square}

C ={4,5,9,10}
D ={2,4,11,14}
E ={3,6,9}

F = {4,6,16}

An integer z is a perfect square if there is an integer y such that = = y2.

(a) I5C A
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Solution. False.
Since the integer 15 = 5% 3, 15 is an element of A, but not a subset
of A. n

{15} Cc A

Solution. True.
Since 15 is the only element in {15} and 15 = 5%3, by the definition
of A, {15} is a subset of A. O

agcC

Solution. True.
@ is a subset of any set, thus it is a subset of C. O

DCD

Solution. True.
Any set is a subset of itself, thus D C D. n

geB

Solution. False.
By the definition of B, All elements of B are integers, and & is an
empty set, not an integer, thus @ is not an element of B. O

3.1.5 Express each set using set builder notation. Then if the set is finite,
give its cardinality. Otherwise, indicate that the set is infinite.

(b)

(d)

{3,6,9,12,...}

Solution. Infinite.

{r € Z" : z is an integer multiple of 3}

Every element in the set is a positive integer multiple of 3, as integer
is infinite, the number of elements in the set is also infinite. [

{0,10,20, 30, ...., 1000}

Solution. {0, 10,20, 30, ....,1000}| = 101.
{z € N : z is an integer multiple of 10 and = < 1000}

Every element in the set is an integer multiple of 10 in the range of
[0,1000], thus the cardinality of the set is 1 + 1000/10 = 101. O

3.2.1 Let X ={1,{1},{1,2},2,{3},4} . Which statements are true?
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(a)

(b)

2e X

Solution. True. Clearly 2 is an integer and is an element of X. [J

{2} X
Solution. True. {2} is a set with 2 as the element, and 2 is also
an element of X. ]
{2} e X

Solution. False. By definition, {2} is not an element of X. [

3e X

Solution. False. By definition, 3 is not an element of X. n
{1,2} e X

Solution. True. By definition, {1,2} is an element of X. O
{1,2} C X

Solution. True. By definition, 1 is an element of X and so is 2,
thus the set {1,2} is a subset of X. O
{2,4} C X

Solution. True. By definition, 2 is an element of X and so is 4,
thus the set {2,4} is a subset of X. O
{2,4} e X

Solution. False. By definition, {2,4} is not an element of X. [

{23} C X
Solution. False. By definition, 2 is an element of X but 3 is not
an element of X, thus {2,3} is not a subset of X. O
{2,3} e X

Solution. False. By definition, {2, 3} is not an element of X. [
| X| =7

Solution. False. Clearly there are 6 elements in X, not 7. O
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Question 8

3.24 Let A={1,2,3}. Whatis {X € P(4) :2€ X}?

Solution. Namely X is an element of the power set of A such that 2 is
an element of X. Since A = {1, 2,3}, therefore we have

X ={{2},{1,2},{2,3},{1,2,3}}
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Question 9

Solve the following questions from the Discrete Math zyBook:
3.3.1 Define the sets A, B, C, and D as follows:
A={-3,0,1,4,17}
B ={-12,-5,1,4,6}
C={re€Z:xisodd}
D = {x € Z: x is positive}
For each of the following set expressions, if the corresponding set is

finite, express the set using roster notation. Otherwise, indicate that
the set is infinite.

(c) AnC
Solution.
{=3,1,17}
O
(d) Au(BnC)
Solution.
{-5,-3,0,1,4,17}
O
(e) AnBNC
Solution.
{1}
O

3.3.3 Use the following definitions to express each union or intersection given.
You can use roster or set builder notation in your responses, but no set
operations. For each definition, i € Z™.

o A; ={:'i*}(Recall that for any number x,z° = 1.)
e Bi={reR:—i<z<1/i}
e Ci={reR:-1/i<zx<1/i}
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(a) Mz A

Solution.

5
(A ={2°.2", 22} N {3°,31, 3%} N {4°,4" 4%} N {5°, 5", 5%}

i=2
={1,2,4}n{1,3,9} n{1,4,16} N {1,5,25}
= {1}
O]
(b) U?:2Ai
Solution.

5
A ={2°2",22} U {3°,3" 32} U {4, 4", 42} U {5°, 5" 57}
=2
—={1,2,4}U{1,3,9} U{1,4,16} U {1,5,25}
={1,2,3,4,5,9,16,25}

100
(e) M= G
Solution. By the definition of C}, as ¢ increases from 0 to 100, the
range of C; narrows, and C; C C; for i > j

Ci={reR:-1<x<1}

1 1
_ R:—-<z<-—
Cy={x¢€ 2_:v_2}
Ch={zreR:—~ <<y
= {x r—-<zx< -
3 3-773
C —{GR-'1< <1y
100 =TSR T700 =7 = 100
Therefore,
100
() Ci = Cino
=1
1 1
= cER: — <z < —
{z 100 = * = 100
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100
(f) Uiz G
Solution. By the definition of C}, as i increases from 0 to 100, the
range of C; narrows, and C; C Cj for i > j

Ci={zeR:-1<zx<1}

1 1
= R:—-<z<-
CQ {1‘6 5 <x< 2}
Cy3={reR ! <z< 1}
=T - <z <
3 37773
C {reR 1 <r<
=T i << —
100 100 = = 100
Therefore,
100

UCl:Cl
i=1
={reR:-1<zx<1}
0

3.3.4 Use the set definitions A = {a,b} and B = {b,c} to express each set
below. Use roster notation in your solutions.

(b) P(AUB)
Solution.
P(AUB) = P({a,b} U{b,c})
= P({a,b,c})
= {2, {a},{b},{c} {a,b},{a,c}, {b,c}, {a,b,c}}

(d) P(A)U P(B)
Solution.
P(A)U P(B) = P({a,b}) U P({b,c})
={2,{a},{b} {a,b}} U{@,{b},{c}, {b,c}}
= {Qa {a}> {b}7 {C}a {a7 b}v {ba C}}
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Question 10

Solve the following questions from the Discrete Math zyBook:

3.5.1 The sets A, B, and C are defined as follows:

A = {tall, grande, venti}

B = {foam, no-foam}
C' = {non-fat, whole}

Use the definitions for A, B, and C' to answer the questions. Express
the elements using n-tuple notation, not string notation.

(b)

(c)

Write an element from the set B x A x C.
Solution. One of the elements is (foam, tall, whole) O
Write the set B x C' using roster notation.

Solution. B x C' = {(foam, non-fat), (no-foam, non-fat), (foam,
whole), (no-foam, whole)} O

3.5.3 Indicate which of the following statements are true.

(b)

7> C R?

Solution. True.
By definition, Z C R, if (z,y) € Z?, then x € Z and y € Z, which
implies that x € R and y € R, thus Z? C R? is true. O

7’°N73 =2

Solution. True.

Every element of Z? is a pair of numbers, while every element of
7?2 is a triple, thus there are no common elements in these two
sets, Z*N7Z? = @. O

For any three sets, A, B, and C,if AC B, then Ax C C B x C

Solution. True.
If (z,y) € Ax C, then z € A and y € C. Since A C B, then
x € B, thus (z,y) € Bx C. O

3.5.6 Express the following sets using the roster method. Express the elements
as strings, not n-tuples.
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(d) {zy: where z € {0} U{0}? and y € {1} U{1}* }

Solution. By definition, x € {0,00} and y € {1,11}. Thus zy is
an element of the set

{01,011,001,0011}

(e) {zy: = € {aa, ab} and y € {a} U {a}*}

Solution. By definition, y € {a, aa}, since x € {aa,ab}, thus xy is
an element of the set

{aaa, aaaa, aba, abaa}

O

3.5.7 Use the following set definitions to specify each set in roster notation.
Except where noted, express elements of Cartesian products as strings.

o A={a}
e B=1{b,c}
o C={a,b,d}

(¢) (Ax B)U(Ax C)

Solution.
(Ax B)U (A x C) = {ab,ac} U {aa, ab, ad}
— {aa, ab, ac, ad}

]

(f) P(Ax B)

Solution.
P(A x B) = P({ab,ac})
= {2, {ab}, {ac}, {ab, ac}}

]

(g) P(A) x P(B). Use ordered pair notation for elements of the
Cartesian product.
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Solution.

(A) x P(B)
= {®7 {a}} X {®7 {b}v {C}> {bv C}}
={(2,2),(2,{b}), (@.{c}), (@,{b,c}), {a}, @), ({a},{b}), ({a},{c}), ({a},{b,c})}

]
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Question 11

Solve the following questions from the Discrete Math zyBook:

3.6.2 Use the set identities given in the table to prove the following new
identities. Label each step in your proof with the set identity used to
establish that step.

(b) (BUA)N(BUA)=A

(BUA)N(BUA)
, (BNB)UA Distributive law

Solution. 0
JUA Complement law
A Identity law

(c) AnNB=AUB

ANB

Solution. | AU B | De Morgan’s law [
AU B | Double complement law

3.6.3 A set equation is not an identity if there are examples for the variables
denoting the sets that cause the equation to be false. For example
AUB = AN B is not an identity because if A = {1,2} and B = {1},
then AUB = {1,2} and ANB = {1}, which means that AUB # ANB.
Show that each set equation given below is not a set identity.

(b) A—(BNA)=A

Solution. If A = {1,2} and B = {2,3}, then BN A = {2}, A—
(BN A) = {1}, which means that A — (BN A) # A. O

(d) (B—A)UA=A

Solution. If A = {1,2} and B = {2,3}, then B — A = {3},
(B—A)UA=1{1,2,3}, which means that (B—A)UA#A [

3.6.4 The set subtraction law states that A — B = AN B. Use the set
subtraction law as well as the other set identities given in the table to
prove each of the following new identities. Label each step in your proof
with the set identity used to establish that step.



Wei Ye 13
(b) AN(B—A)=0
AN(B—A)
AN (BNA) | Set subtraction law
AN (AN B) | Commutative law
Solution. — ]

(AN A)N B | Associative law
agnNB Complement law
%) Domination law

(c) AU(B—A)=AUB

Solution.

AU (B —A)

AU (BN A) Set subtraction law
(AUB)N (AU A) | Distributive law
(AUB)NU Complement law
AUB Identity law




